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Abstract. Wc introduce and study a general theory of objects parametrized 
by spaces, in the setting of oo-catcgories. This framework specializes to give an 
oo-categorical model of parametrized spectra, and we apply these foundations 
to study the multiplicative properties of the generalized Thom spectrum func- 
tor. As part of this work we study the Picard space of a presentable monoidal 
oo-catcgory. We sharpen classical results due to Lewis about the multiplicative 
properties of the Thom isomorphism. Our main application is the construction 
of twisted Umkehr maps on twistings of generalized cohomology theories. 
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1. Introduction 

In recent work with Hopkins and Rezk [1], we introduced an oo-categorical ap- 
proach to parametrized spaces and spectra and showed that it provides a useful 
context in which to study Thom spectra and orientations. If S' is a Kan complex 
and § is the oo-category of spectra, then our model for the cx)-category of spectra 
parametrized by S is just the oo-category Fun(5'°P, §) of §-valued presheaves on S. 
Conceptually this approach exhibits the oo-category § as the "classifying space" 
for bundles of spectra. 

In this paper we develop these ideas to give a complete theory of parametrized 
objects of a general oo-category 6. We frame this construction in terms of a functor 
which associates to any space S the oo-category of objects of C parametrized over S. 
We show that this functor satisfies descent and therefore we think of it as a "stack 
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of oo-categories on spaces" . This geometric perspective allows us to give a general 
treatment of base-change. Following the seminal treatment of parametrized spectra 
in May-Sigurdsson [27] and motivated by Grothcndieck's "six functor" formalism, 
we regard the study of base-change as the cornerstone of any satisfactory theory of 
parametrized objects. 

More precisely, we show in Section 2 that 6 determines a limit preserving functor 

from the (opposite of the) cxD-category of spaces to the cx)-category of (not nec- 
essarily small) oo-categories. The value C/g at the space S is equivalent to the 
oo-category of 6- valued presheaves Fun(S'°P, C) on (the oo-groupoid of) S. In par- 
ticular, associated to maps of spaces f : S ^ T we have base-change functors 

/* : G/T — > C/s, 

which collectively assemble into a contravariant functor from the oo-category of 
spaces to the oo-category of oo-categories. Moreover, we show that this functor 
satisfies descent, which in this context means merely that is preserves limits. Al- 
though we do not assume that C/5 is an oo-groupoid, because C/(-) satisfies descent 
we refer to it as a stack on the oo-category T of spaces. 

In practice it is important to know when each /* has a left adjoint f\ and a right 
adjoint /*, giving a sort of "three functor formalism": this is easily seen to be the 
case if C is a presentable 00-catcgory. Let Pr'^^'^ denote the subcategory of Catoo 
consisting of the presentable oo-categories and the functors which are both left and 
right adjoints. 

Theorem 1.1. A presentable oo-category 6 uniquely determines a stack of pre- 
sentable oo-categories and left and right adjoint functors 

£/(_) : T°P Pr^''^ 

on T whose value at the space S ^ 1 is equivalent to the oo-category Fun(S'°P, C) of 
G-valued presheaves on S . 

Second, we develop the multiplicative theory of parametrized objects. Among 
other things this leads us in Section 4 to a "five functor formalism" . Let 0® be an 
00-operad and let be a presentable 0-monoidal oo-category. Then there is an 
0-monoidal oo-category C®g with underlying oo-category C/g. 

Theorem 1.2. There is a unique stack of presentable 0-monoidal oo-categories 
on T whose value on the space S is the 0-monoidal oo-category Gjg of 6®- 
valued presheaves on S . 

If we assume that 0® comes equipped with a fixed map Ef 0® ^ then any 0®- 
monoidal oo-category 6® has a distinguished tensor structure ®. We write ®s for 
the resulting tensor structure on 6®^. For each space S and each object X G C/5, 
the "left multiplication by X" functor 

admits a right adjoint 

Fs{X, -) : G/s — > G/s, 
giving us two additional families of functors. 
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These five functors interact in standard ways. In tlie case of a symmetric 
monoidal oo-category, tlie induced structure is called a "Wirthmiiller Context" 
in [13]. Suppose that the map Ef 0® factors through E® , which is to say that 
C® is a symmetric monoidal presentable oo-category. Let 

CAlg(PrL)^ C CAlg(PrL) 

denote the subcategory of CAlg(Pr'^) spanned by all the objects (the symmetric 
monoidal presentable oo-categories) but only those symmetric monoidal functors 
which are also right adjoints. Our generalization of a Wirthmiiller context is a 
stack on T with values in CAlg(Pr'^)^. We discuss the relationship in Section 5. 

We also address an analogue of the algebro-geometric notion of "proper pushfor- 
ward" which occurs in versions of Grothendieck's "six functor formalism" . Indeed, 
by analogy, a map f : S T in the oo-category of spaces is proper if its (ho- 
motopy) fibers are (homotopically) compact, in which case, again by analogy, one 
might expect that the pushforward functor /*: C/s ^ C/t admits a right adjoint 
/'. In Section 6 we show this to be the case when C® is the symmetric monoidal 
oo-category of i?-modules for an Eoo-ring spectrum i?, and so we also obtain a sort 
of "six functor formalism" . 

Theorem 1.3. Let R he an 'Eoo-ring spectrum, let C = Modi? denote the oo- 
category of R-modules, and let p: S ~¥ T be a proper map. Then the pushforward 
: 6/5 C/y admits a right adjoint p': C/y — >■ 6/5 . 

The remainder of the paper is concerned with a number of applications of the 
general theory. First, we show in Section 7 that when C® is the symmetric monoidal 
oo-category of (based) spaces or spectra, the resulting stacks C[— ]® recover the 
Wirthmiiller context of May-Sigurdsson [27]. 

Theorem 1.4. Let 6® be the symmetric monoidal model category of spaces, based 
spaces, or spectra. Then for each topological space S, there exists an equivalence 

where Hoc denotes the 00-groupoid (singular complex) functor, N{~)[W~^]® Lurie's 
symmetric monoidal version of the Dwyer-Kan simplicial localization, and 65 the 
May-Sigurdsson symmetric monoidal model category of objects of C parametrized 
over S. Moreover, the equivalences above are compatible with all of the base-change 
and tensor functors; i.e., the respective Wirthmiiller contexts are equivalent. 

We next give several applications of our theory to Thom spectra. Let R be an 
E„-ring spectrum (n > 1) and let Mod^j be the oo-category of right i?-modules. 
Within Modfl is the full subgroupoid spanned by the invertible i?-modules, Picij. 
Given a space (Kan complex) X and a map / : X — > Picr (which we think of as 
classifying a bundle of invertible i?- modules over X), we defined in [1, 2] the Thom 
spectrum of / to be the colimit M f of the composite map 

X h Picfl ModR. 

Here it is necessary to take this colimit in Mod/?, since Picij is not closed under 
colimits unless R is trivial. The Thom spectrum M f is equivalent to the pushfor- 
ward along the projection p: X ^ * oi the bundle of invertible i?-modules over X 
classified by /. 
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Remark 1.5. We proved in [1] that when restricted to the fuh subgroupoid BGLiS 
of Pics spanned by the (unshifted) sphere spectrum §, this definition agrees with 
the classical Lewis-May construction of the Thorn spectrum over BF [22, 19]. 

To understand the multiplicative properties of this definition, in Section 8 we give 
a general treatment of the Picard space associated to a stable monoidal cx)-category. 
Suppose given a map of Ef — > 0®, and let Ji® be an 0-monoidal cx)-category. 
We define Pic(3?) to be the maximal grouplike oo-groupoid in the 0-monoidal oo- 
category of invertible objects of 3?**. We then have the following results. 

Theorem 1.6. For any oo-operad 0® equipped with a map from Ef , the Picard 
oo-groupoid defines a functor 

Pic: Algo(PrL)^AlgSP(T), 

that is right adjoint to the free functor 

TH: Alg|P(T)~-^Algo(PrL). 

Here Algg(— ) denotes the oo-category of -algebra objects, A\g^{—) its full sub- 
category of grouplike algebra objects, anrf T[— ] is the "free 7 -module functor", i.e. 
the covariant functor induced from and the left adjoints of the restrictions. 

Remark 1.7. The generality in which we work permits a categorification of Pic. 
Let R be an Eoo-ring spectrum. The Brauer spectrum of R is the delooping of the 
grouplike Eoo-space 

Bri^ = Pic(ModMod«(Pr^)), 
the Picard cxD-groupoid of the symmetric monoidal cxD-category ModModji(Pi''^) of 
(compactly generated) Modfl-modules in Pr'". This construction has been studied 
in detail by the third author [3, 14]. As an indication of the usefulness of this 
definition, we sketch in section 8.1 how the theory of Thom spectra in this setting 
recovers the definitions and main results of Douglas' work on "twisted parametrized 
spectra", defined in terms of sections of rank-one bundles of stable categories [12]. 

Lurie has recently written down a proof of a conjecture of Mandell [21, 6.3.5.17] 
which in part shows that E„-algebras admit E„_i-monoidal module categories 
(with the latter notion defined in terms of the symmetric monoidal structure on 
presentable cw-categories). Thus we can apply the Theorem in the case that 
3?® = Mod§ for an E„-ring spectrum i? (n > 1). In Section 9 we use this idea 
to investigate the multiplicative properties of Thom spectra. The key point is the 
following. 

Theorem 1.8. The resulting functor of Kn-i-monoidal presentable oo-categories 

T/Pic« ^Modi^ 

arising from the counit of the adjunction of Theorem 1.6 is the generalized Thom 
spectrum functor. 

As a corollary, we generalize Lewis' theorem about Thom spectra that are ring 
spectra from the case of § to an arbitrary E„-ring spectrum. 

Corollary 1.9. Let R be an En-ring spectrum, with n > 1. Then Pic/j is an 
En-i-space, and if f: X Picn is Em-monoidal for some m < n, then the Thom 
spectrum M f is an Em-ring spetrum. 
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We also study the multiplicative properties of the Thorn isomorphism. Lewis 
showed that an E„-orientation gives rise to an E„ Thorn isomorphism "up to ho- 
motopy" [19, 7.4], and various authors have observed that in the Eqo setting the 
Thom isomorphism is a map of commutative ring spectra (e.g., [6]). We sharpen 
Lewis' result as follows: 

Theorem 1.10. Let R be an Kn-ring spectrum, n > 1, and let f : X — > Pic^ be an 
Km-nionoidal map for some m < n. Suppose that Mf admits an Km -orientation 
over a spectrum R, i.e., an Km-algebra map M f — > R. Then the composite 

Mf — > E^X A Mf — > S^X A R 

is an equivalence ofKm-ring spectra. 

In Section 10, we use our treatment of parametrized spectra and our multiplica- 
tive theory of Thom spectra to study twisted cohomology theories and particularly 
twisted Umkehr maps. Recall from [2, 1] that given a map 

a : X — !■ Picj^, 

regarding such a map a as classifying a twisted form of the trivial i?-line bundle 
over X, we can consider the associated i?- module Thom spectrum Ma to be the 
a- twisted and i?-stable homotopy type of X. 

Definition 1.11. Let R be an i?„-ring spectrum, n > 0. The a-twisted R-homology 
and R-cohomology groups of X are given by 

= TTo map^(Afa, YTR) 

i?„(X)" = 7romap^(S]"i?,MQ;) = 7r„A/a. 

Here map^(— ,— ) denotes the mapping space in the oo-category Modj^ of right 
i?-modules. 

Remark 1.12. We discuss the relationship of this definition to that of Atiyah and 
Segal in Section 10. 

We now apply this in geometric contexts. For convenience, we switch to using 
exponential notation for Thom spectra; e.g., given a twist a: X Pic/? the Thom 
spectrum will be written X". Now let X be a compact manifold with tangent 
bundle T. The Pontryagin-Thom construction gives a stable map 

(1.13) PT(X):S — >X-'^ 
which realizes geometrically the stable map 

§ — > DX = F(E^X,S) 

dual to the map X— li f : E ^ B \s a. fiber bundle of compact manifolds with 
tangent bundle along the fibers T/, then the Pontryagin-Thom construction gives 
rise to a stable map 

(1.14) PT(/):B+ — > E-'^i . 
If i? is a ring spectrum, then we get a map 

R*{E-^f)^R*{B+)- 

composing with a Thom isomorphism R*^'^{E^) = R*E^'^f , we obtain an Umkehr 
map 

R*+^{E+)^R*iB+). 
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Recently it has become important to consider the following generalization of 
these constructions (see for example [17, 29, 9]). A twist a: B ^ Picr gives rise to 
a twist 

and using the multiplicative structure of Pic/j we can form the generalized i?-module 
Thorn spectrum E^'^f^^f . We construct a twisted Pontryagin-Thom map 

(1.15) PT(/, a): £;-T/+a/, 

Given an orientation R*^'^{E^) = R* {E^'^f^"^), wc then obtain a twisted Umkchr 
map 

R*+'^[E+) R*{B)°'. 

The key idea is to show that the Pontryagin-Thom map PT(/) in the form (1.14) 
arises from a two-step process: first apply the Pontryagin-Thom construction (1.13) 
fiberwise to obtain a map of spectra over B 

PT(//b): Sb ^D(//b) 

from the sphere spectrum over B to the duals of the fibers of the map /, then apply 
the push forward p\ along the map p: B ^ * to obtain the map PT(/). 

Then given a map a: B ^ Pic/j, we can twist by a to get the map (of i?-module 
spectra over B) 

PT(//b) Ab a: a ^ D(//b) Ab a. 
Applying the pushforward p\ associated to p: B ^ * yields the map PT(/, a). 

Remark 1.16. The idea that the Pontryagin-Thom map (1.14) arises from a fiber- 
wise construction goes all the way back to the origins of the Umkehr map, partic- 
ipating as it does in the "families" index theorems of Atiyah and Singer [5]. It 
is also explicit in Becker and Gottlieb's classic paper [7], for example. May and 
Sigurdsson have a beautiful exposition of a fiberwise construction in the setting of 
parametrized spectra in [27]. 
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2. The base-change functors: /* and its adjoints f\ and 

We begin by summarizing the central desiderata for a theory of "objects of 6 
parametrized over S" , where C is an oo-category and 5 is a space or, equivalently (as 
we are only concerned with the weak homotopy type of 5") , a Kan complex. Specif- 
ically, we develop an analogue of what is known in algebraic geometry as a "six 
functor formalism" and in equivariant stable homotopy theory as a "Wirthmiillcr 
context" . The full scope of these formalisms, however, require substantial assump- 
tions on the oo-category 6, and it is perhaps instructive to begin with a significantly 
more general and less structured situation. 

Given an cx)-category 6 and a Kan complex S (which we think of as corresponding 
to a space via the singular complex), we wish to define an cx)-category C/5 of objects 
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of 6 parametrized over S. Of course, we should not think of S as being fixed; rather, 
we require restriction (a.k.a. pullback or base-change) functors 

/* : C/T — > C/s 
for each map of Kan complexes f : S T . 

Moreover, these must be compatible with composition. Given a 2-simplcx which 
exhibits g o f : S U as a composite oi f : S ^ T followed by g : T — > [/, 
we require a natural 2-simplcx exhibiting {g o /)* : Q/u 6/5 as a composite of 
g* : C/u CfT followed by /* : C/t — > C/s, and so on for all higher dimensional 
simplices. In other words, we require a functor 

T°P — > Cat 

from the cxD-category T°p of spaces to the cx)-category Catoo of (not necessarily 
small) 00-categories. 

Lastly, this functor must satisfy the usual sort of descent conditions. Specifically, 
given maps f : S ^ T and g : S ^ U, the restriction functors f*:G/T^G/s and 
g* : C/[/ — > 6/5 induce a pullback square 

C/Toa > C/c/ 

s 

C/T > C/s 

from the 00-category of objects parametrized over the pushout ^JJ^ U to the pull- 
back of the oo-categories of parametrized objects, and we require that this map is 
an equivalence. Similarly, given a family of spaces Sx indexed by some (possibly 
infinite) set A with coproduct S = Y[\ S\, the inclusions ix : Sx ^ S induce a map 

A 

which also must be an equivalence. Together, these two conditions amount to saying 
that the cxD-category C/5 of objects of 6 parametrized over S is local on the base 
space S. Finally, we have the obvious normalization condition: if S* = * is the 
terminal space, then we must have an equivalence C/^, ~ C. 

We can make this precise using the language of stacks. For us, a stack will mean a 
contravariant functor from an 00-topos to the 00-category of (not necessarily small) 
oo-categories which satisfies descent in the sense that it preserves limits. In the 
present paper we only consider the 00-topos T of spaces, though many interesting 
generalizations are possible, e.g. the 00-topos of G-spaces for a topological group 
G. We plan to pursue some of these generalizations in future work. 

Proposition 2.1. Evaluation at the point induces an equivalence between Catoo 
and the full subcategory of the (very large) 00-category Fun(T°P, Catoo) spanned by 
the stacks (i.e. the limit-preserving functors). 

Proof. The 00-category T°p is freely generated under limits by the initial object * 
and the 00-catcgory Catoo admits all small limits. □ 

Definition 2.2. Let 6 be a (possibly large) 00-category and let 5 be a Kan com- 
plex. The 00-category C/s oi objects of C parametrized over S is the 00-category 
Fun(S'°P, e) of C- valued presheaves on S. 
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Proposition 2.3. Let C be an oo-category. Then there exists a unique stack of 
(not necessarily small) oo-categories 

on T whose value at S G 7 is equivalent to the oo-category C/5 of G-valued presheaves 
on S. 

Proof. By proposition 2.1, to specify a limit-preserving functor F : T°p Cattxj, 
it is enough to specify the image of the initial object *, which we take to be C. For 
a given space S, we have that Fun(5°P, C) ~ lims C, which shows that the value of 
on S' is equivalent to C/s . □ 

In practice, we require more structure on 6, namely, that C is presentable, which 
is to say that C is the freely generated under K-filtered colimits by the small sub- 
category C of K-compact objects (which itself admits K-small colimits). Moreover, 
maps between presentable c»-categories are typically taken to be colimit preserv- 
ing, in which case it is formal that they admit right adjoints. Thus, when C is 
presentable, we require that the base-change functors f* : C/t ^ G/s admit right 
adjoints /* : 6/5 — > C/t- 

Proposition 2.4. Let Q be a presentable oo-category. Then there exists a unique 
stack of presentable oo-categories and left-adjoint functors 

: T°P — > Pr^ 

on T whose value at the space S Cz 7 is equivalent to the oo-category C/5 of G-valued 
presheaves on S. 

Proof. We must lift C/(-) through the projection Pr'" Cattx)- By the adjoint 
functor theorem, it is enough to show that the base-change functor /* : C/^ — >■ C/g 
preserves colimits. Since colimits in functor oo-categories are computed objectwise, 
this is immediate. □ 

From this we also see that the puUback functors /* are also left adjoints. Let 
PJ.L3 denote the subcategory of Pr'" consisting of those left-adjoint functors / : 
6 — !• D which are also right adjoints (equivalently, those / : 6 — CD which preserve 
all small limits and colimits). 

Lemma 2.5. The inclusion Pr'"''^ c Pr'" preserves all small limits. 

Proof. We must show that the limit of a small diagram of limit and colimit pre- 
serving functors preserves limits. This follows from [20, Theorem 5.5.3.18]. □ 

Theorem 2.6. Let G be a presentable oo-category. Then the stack C/(-) of pre- 
sentable oo-categories on 1 factors through the subcategory Pr'"''^ c Pr'". Ln par- 
ticular, there exists a unique stack of presentable oo-categories and left and right 
adjoint functors 

e/(_) : T°P — > Pr^'^ 
on T whose value at the space S (£7 is equivalent to the oo-category G/s of G-valued 
presheaves on S . 

Proof. This follows from lemma 2.5 and the proof of proposition 2.3. □ 

Thus far, we have constructed, for each presentable cx)-category C, a "three 
functor formalism" for the parametrized theory associated to G. 
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3. Interlude on oo-operads 

In this section, wc quickly review the aspects of the framework of (X)-categories 
and oo-operads from [20] and [21] that we need. 

3.1. The passage from categories with weak equivalences to oo-categories. 

There are now several ways to pass from the data of a model category C to an 
associated cxD-category. When 6 is a simplicial model category, restricting to the 
full subcategory of cofibrant-fibrant objects C'^^ yields a fibrant simplicial category, 
and then the simplicial nerve [20, 1.1.5.5] 

is an c»-category. Although any combinatorial model category is Quillen equivalent 
to a simplicial model category [15], this replacement process can be inconvenient. 
Furthermore, very few functors preserve cofibrant-fibrant objects; this is a particu- 
lar problem when studying (symmetric) monoidal model categories. 

More recently, [21, §1.3.3] provides an analogue of the Dwyer-Kan simplicial 
localization. Starting with a (not necessarily simplicial) model category C, one 
passes to an cxD-category via the ordinary nerve applied to the full subcategory of 
cofibrant objects and subsequently inverts the weak equivalences: 

Given a simplicial model category C, there is an equivalence of oo-categories 

N(e=f) ~ N(e'=)[i^-^], 

which implies that we can apply either process as needed [21, 1.3.3.7]. 

3.2. oo-operads and symmetric monoidal oo-categories. We now review the 
theory of oo-operads as we will apply it in the body of the paper, following [21, 
§2]. Let r denote the category with objects the pointed sets {*, 1, 2, . . . , n} for each 
natural number 7i G N and morphisms the pointed maps of sets. An oo-operad is 
then specified by an oo-category 0® and a functor 

p: 0® N(r) 

satisfying certain conditions [21, 2.1.1.10]. 

Remark 3.1. This is the generalization of the notion of a multicategory (col- 
ored operad); to obtain the generalization of an operad we restrict to oo-operads 
equipped with an essentially surjective functor A° P^^{{*, !})■ To make sense 
of this, note that p~^{{*, 1}) should be thought of as the "underlying" oo-category 
associated to 0®, which we'd want to contain only a single (equivalence class of) 
object if we're interested studying the oo- version of an ordinary operad. 

The identity map N(r) — !> N(r) is an oo-operad; this is the analogue of the Eoo 
operad. More generally, we can define a topological category E[fc] [21, 5.1.0.2] such 
that there is a natural functor N(E[fc]) — > N(r) which is an oo-operad. We refer to 
the resulting oo-operads as the E/c operads. 

Remark 3.2. This uses a general correspondence result which associates to a 
simplicial multicategory an operadic nerve such that the operadic nerve is an oo- 
operad provided that each morphism simplicial set of the multicategory is a Kan 
complex [21, 2.1.1.27]. 
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A symmetric monoidal cxD-category is then an cx)-category equipped with a 
coCartesian fibration of oo-operads [21, 2.1.2.18] 

p: e® N(r). 

The "underlying" oo-category is obtained as the fiber C ~ p^^({*,l}). In abuse 
of terminology, wc will say that an (X)-category 6 is a symmetric monoidal oo- 
category if it is equivalent to p~^{{*, 1}) for some symmetric monoidal cx)-category 
C®. More generally, if 0® is an oo-operad and C® 0® is a coCartesian fibration 
of oo-operads such that the composite 

Q® — ^ 0® — > N(r) 

exhibits C® as an oo-operad [21, 2.1.2.13], then C as an 0-monoidal oo-category. 

We can use the results of the previous section to produce symmetric monoidal 
model oo-categories: Given a symmetric monoidal model category C, we can associ- 
ated a symmetric monoidal oo-category N(C'^)[M^~^]® with underlying oo-category 
N(e'=)[H^-i] [21, 4.1.3.6]. 

Given symmetric monoidal oo-categories 6® and D®, we have two associated 
categories of functors between them: 

(1) The oo-category of oo-operad maps Alg(D('D), which should be thought of 
as the analogue of lax symmetric monoidal functors [21, 2.1.2.7], 

(2) and the oo-category Fun® (6, 2)) of symmetric monoidal functors, which 
should be regarded as strong symmetric monoidal functors [21, 2.1.3.7]. 

For a fibration g : 6® 0® of oo-operads and a map of oo-operads a : 0'® — )• 0®, 
we define an O'-algebra object of C over to be a map of oo-opcrads A: 0® — !• 6® 
over 0' such that q o A is a [21, 2.1.3.1]. The oo-category of O'-algcbra objects 
in C over 0, denoted Algo//o(C), is the full subcategory of the functor category 
Funo«(0'®, C®) spanned by the maps of oo-operads. When a is the identity map 
we denote this by Alg/o(C). 

A particularly interesting class of symmetric monoidal structures on oo-categories 
come from cartesian monoidal structures. Any oo-category with finite products ad- 
mits a unique cartesian symmetric monoidal structure; the monoidal product is 
given by the categorical product [21, §2.4.1]. When C is a cartesian symmetric 
monoidal oo-category and is an oo-operad, we often write Mono (C) in place of 
Algo(e) [21, §2.4.2]. 

Finally, we will primarily be interested in algebras over oo-operads which are 
unital and coherent. A unital oo-operad [21, 2.3.1.1] has an essentially unique 
"nullary" operation. For instance, the £„ operads are unital for any n. As one 
might expect, algebras over unital operads are equipped with well-behaved unit 
maps. Coherent oo-operads 0® [21, §3.3.1] satisfy conditions so that the categories 
of modules over 0-algebras have reasonable properties. 

3.3. The oo-category of presentable oo-categories. Recall from [21, §6.3.1] 
that the oo-category Pr of presentable oo-categorics and left adjoint functors is 
complete and cocomplete. Furthermore, Pr'" is tensored over spaces. 

Lemma 3.3. Given a presentable oo-category 6 of and a space S , the presentable 
oo-category S ®Q is naturally equivalent to the presentable oo-category Fun(S'°P, 6) 
of G-valued presheaves on S. 
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Proof. We must have * (g) 6 ~ 6 ~ Fun(>i=°P, 6). Since (— ) 6 commutes with 
coUmits of spaces, we have that S" (K) C ~ cohms C. Finahy, since coUmits in Pr'^ 
correspond to hmits (indexed by the opposite diagram) in Pr^ [20, 5.5.3.4], and 
hmits in Pr^ can be calculated on the level of underlying oo-categories, we have 
that 

5 e ~ lim e ~ Fun(cohm5op C) ~ FunfS*"?, 6). 

Sop 

□ 

Recall that Pr'" is a symmetric monoidal oo-category with unit T, the oo-category 
of spaces. The cx)-category T can be explicitly modeled as the coherent nerve applied 
to the cofibrant-fibrant objects in the standard model category Top of topological 
spaces (or, equivalently, simplicial sets). 

The fact that T is the unit of the symmetric monoidal structure on Pr'" implies 
that it is canonically a commutative algebra object and that the forgetful functor 

Mod?°™(PrL) ^ Pr^ 

is an equivalence. Since we will always be working in the ambient symmetric 
monoidal oo-category Pr'" of presentable oo-categories, and T is the trivial commu- 
tative algebra object of Pr'", we will simply write Mod^j in place of Mod5°™™(Pr'"). 

Remark 3.4. The above construction of Pr'" as an oo-category tcnsored over T 
generalizes the construction of the free T-modulc associated to a space. Strictly 
speaking, the free T-module functor T Modg- is not the left adjoint of the forgetful 
functor mapQ-(T, — ) : Moda — !■ T, since the underlying oo-groupoid of a presentable 
oo-category is not generally small. It is possible to remedy this by restricting to 
the compact objects of compactly generated T-modules, but we avoid adding this 
extra level of complexity since we will not explicitly need this adjunction. 

Similarly, recall that the oo-category Prg^ of stable presentable oo-categories 
admits a symmetric monoidal structure with unit the oo-category § of spectra [21, 
§6.3.1]. There is a map of commutative algebra objects T ^ S of Pr'", where 

is the oo-category of pointed spaces. Both of these maps are "localizations" in 
the sense that the cndofunctors (— ) and (— ) (8)7 § of Modg- are idempotcnt: 

clearly ^-j ~ T*, and the same is true for § since § ~ T*[S~^]. 

Remark 3.5. The inclusion of the subcategory Pr'" C Catoo is lax symmetric 
monoidal, and it induces subcategories 

Alg(PrL) c Alg(Cirtoo) 

and 

CAlg(PrL) c CAlg(C^too). 

A (commutative) algebra object of Cattxj is a (commutative) algebra object of Pr'" 
if and only if the underlying oo-category is presentable and the tensor product 
commutes with colimits in each variable. Given (symmetric) monoidal presentable 
oo-categories and D®, a (symmetric) monoidal functor / : C® — CD® is a 
morphism of (commutative) algebra objects in Pr'" if and only if, on the level of 
underlying oo-categories, it is a left adjoint (equivalently, by virtue of presentability, 
it preserves colimits) [21, §6.3.2]. 
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Given an arbitrary c»-operad 0®, a (not necessarily small) 0-monoidal oo- 
category is an object of AlgQ(Catoo), and an O-monoidal presentable oo-category is 
an object of AlgQ(Pr'^). In particular, associated to an E„ algebra i? in a symmet- 
ric monoidal cx)-category C, there is an oo-category Modi,; of right i?-modules. A 
central theorem in the subject is that an E„-algebra R induces an E„_i-monoidal 
structure on Mod^ with unit R such that the tensor product commutes with col- 
imits in each variable; moreover, the functor from E„-algebras to E„_i-monoidal 
oo-categories is fully-faithful [21, 6.3.5.17]. Furthermore, in an E„-monoidal oo- 
category C, for m < n the map of oo-operads E„j — > E„ implies that we have an 
En^m monoidal oo-catcgory Algj.^^ (C) of E^ algebra objects. 

4. The closed monoidal structure 

We fix an oo-operad 0® and suppose that 6® is an O-monoidal presentable oo- 
category. The goal now is to construct, for each Kan complex S, an O-monoidal 
oo-category Gj'g with underlying oo-category C/s such that the restriction functor 
/* : C/T — > C/s induced by a map of Kan complexes f : S ^ T is O-monoidal. 

Let Algo(Pr'")'^ denote the puUback 

Algo(PrL)R >Algo(PrL) 



Pi-L.R ^Pi-L^ 

that is, the subcategory of Alg^ (Pr'^) consisting of those O-monoidal functors which 
are also right adjoints. To analyze the behavior of limits in Algo(Pr'^)^ we require 
the following technical lemma. 

~R — 

Lemma 4.1. The subcategory Catj^ C Catoo spanned by the complete oo-categories 
and the limit preserving functors is stable under pullbacks. 

Proof. Suppose given a pullback diagram 

9 h 

in Catoo such that 'B,C,D are complete oo-categories and h^i are limit preserving 
functors. We first show that A is complete, which amounts to showing that the 
constant diagram functor A — > Fun(_ftr, ^1) admits a right adjoint lim : Fun(A', ^1) — > 
A. Since the corresponding result holds for S, C, D by assumption, we obtain a map 

¥m).{K,A) ~ ¥\in{K, S) Xfu„(/<,d) Fun(/-i:, C) — ^ S Xd 6 A 

which is easily seen to be right adjoint to ^1 — >■ Fun(A", yi) since mapping spaces 
in a limit of oo-category are computed as the limit of the mapping spaces. To see 
that the projections / : yi — > 25 and g : A ^ Q preserve limits, we note that, 
by construction, lim : Fun(_R', A) ^ A is the pullback of the diagram of maps 
lim : Fun(jr, :B) ^ S and lim : Fun(A^ C) 6 over lim : ¥mv{K, D) T>, so this 
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is clear. Finally, given a commutative diagram 

a h 
e — '—^Ti 

— 

in Cat we must show that the oo-groupoid of limit preserving functors from 
A' to A over 23 — > D ^ C is contractible. This follows from the fact that these 
functors form a full cxD-subgroupoid of the oo-groupoid of all functors from A' to 
A over 23 — > 2) ^ 6 coupled with the observations that this latter cxD-groupoid is 
contractible and that the unique such functor preserves limits. □ 

Remark 4.2. A similar argument shows that the subcategory Cat^^ C Catoo is 
stable under all small limits. 

Corollary 4.3. The oo-category AlgQ(Pr'")^ admits all small limits and the inclu- 
sion of the subcategory AlgQ(Pr'^)^ C AlgQ(Pr'^) preserves them. 

Proof. This is immediate from lemma 4.1 above, as AlgQ(Pr'^)^ is the pullback of 
a diagram of complete oo-categories and limit preserving functors. □ 

Our main foundational theorem is the following result; 

Theorem 4.4. There exists a unique .stack of presentable 0-monoidal oo-categories 
on 7 whose value at the space S is the 0-monoidal oo-category Gj'g ofQ®- 
valued presheaves on S . 

Proof. This follows from corollary 4.3 and the proof of proposition 2.3. □ 

Remark 4.5. In the symmetric monoidal context, one expects that the right ad- 
joint /* is lax 0-monoidal and that the left adjoint f\ is oplax 0-monoidal. Such a 
result can be shown by consideration of point-set models for the universal example 
of parametrized spaces; since we find this inelegant and do not need these results, 
we defer a treatment to a future point when the relevant foundational results on 
adjoint functors in the cx)-categories are available in the literature. 

We now further suppose that 0*^ comes equipped with a fixed map Ef — > 0*^. 
This implies (by restriction along this map) that any 0-monoidal cxD-category 
is equipped with a distinguished monoidal structure (E). 

Lemma 4.6. Let 6® be a monoidal presentable oo-category. Then C® is closed 
in the sense that, for each object X of C, the left and right multiplication functors 
X (g) (-) : e — !• e and (-) (g) X : G ^ G admit right adjoints. 

Proof. Because the tensor product preserves colimits on the left and on the right, 
this is immediate from the adjoint functor theorem. □ 

Writing for the monoidal product obtained by restriction along the map Kf — > 
0®, then, for each object X £ C, we write 

F{x,-) : e ^ e 

for the right adjoint of the right multiplication functor (— )®X : G G. As S varies 
over all spaces, the base-change functors and closed tensor structures collectively 
give rise to a (non necessarily symmetric) sort of "Wirthmiiller context" [13]. 
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5. WiRTHMULLER CONTEXTS 

In the context of parametrized spaces, /* is a symmetric monoidal functor. 
The situation of a symmetric monoidal functor with left and right adjoints gives 
rise to a series of compatibility formulas (e.g., the projection formula). In this 
section, following [13], we abstract this relationship into what we will refer to as a 
Wirthmiiller context. 

We continue to fix an oo-operad 0® over Ei and an 0-monoidal c>o-category C®. 
To say more, we now suppose that the map Ef 0® factors through E® , which 
is to say that C® is a symmetric monoidal presentable cx)-category [20, Proposition 
4.1.1.20]. 

Specializing the definition of Algo(Pr'")^, we let CAlg(Pr'")^ denote the puUback 
CAlg(PrL)R )■ CAlg(PrL) 

Pj.l,r ^ p^L 

i.e., the subcategory of CAlg(Pr'^) consisting of those symmetric monoidal functors 
which are also right adjoints. 

Definition 5.1. A Wirthmiiller context is a CAlg(Pr'")^-valued stack on T; that 
is, a limit preserving functor 

•TP CAlg(PrL)« . 

The oo-category of Wirthmiiller contexts is the full subcategory of the oo-category 
Fun(T°P,CAlg(PrL)R) spanned by the stacks. 

In this setting, our basic existence result is the following corollary of theorem 4.4. 

Corollary 5.2. A Wirthmiiller context determines, and is determined by, a sym- 
metric monoidal presentable oo-category. 

Proof. Since a Wirthmiiller context is a CAlg(Pr'^)^-valued stack on T, this follows 
immediately. □ 

Some of the useful consequences of the existence of a Wirthmiiller context are 
summarized in the following standard proposition. 

Proposition 5.3. Let C® be a symmetric monoidal presentable oo-category, let 
f : S ^ T be a map of Kan complexes, and let X and Y be objects o/C[r]®. Then: 

(1) r{X(^TY)^rx®srY 

(2) FTiX,UY)=^UFs{rX,Y), 

(3) f*FT{X,Y)^Fs{rXJ*Y), 

(4) MrX^sY)^X®TfiY, 

(5) Fs{f<X,Y)~f,FT{XJ*Y). 

Proof. The construction of the maps follows [13], and to check the equivalences it 
suffices to work on the level of the homotopy categories. See also [27, 2.2.2,2.5.8] 
for a verification in the particular case of parametrized spaces and spectra. □ 

We can also consider this situation when C® is an E„-monoidal presentable oo- 
category. In this case, provided that n > 2, the theory is the same because the 
equivalences of proposition 5.3 arise as isomorphisms in the homotopy category, 
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and for 71 > 2 an E„-nionoidal presentable oo-category has a closed symmetric 
monoidal homotopy category. (We also use the fact that E„-monoidal functors 
induce symmetric monoidal functors on the homotopy category in this case.) We 
suspect that analogous formulas hold for the braided monoidal case n = 2 and even 
the monoidal case n = 1. 

Remark 5.4. We note that this definition implicitly specifies the 2-categorical 
coherences which arc a necessary part of a complete description of base-change 
phenomena (see [28] for a treatment of these issues in a somewhat different context). 

6. The proper pushforward and its right adjoint p- 

Under more restrictive hypotheses on C, it turns out that for proper maps p: S 
T in the cxj-category of spaces (i.e., maps p such that the fibers of p arc compact), 
the pushforward functor : C/5 — >■ Q/t, right adjoint to the restriction functor 
p* : G/T C/Sj itself admits a right adjoint p' : C/t C/s- We will not attempt 
to pursue the most general version of this theorem, but instead will suppose (as 
in the case of greatest interest) that 6 ~ Mod/j for some Eoo-ring spectrum R. 
In this case, C is the underlying oo-category of the symmetric monoidal stable 
presentable oo-category C® = Mod^ of i?-modules. The unit of the symmetric 
monoidal structure on Mod^ is R itself, which also acts as a compact generator of 
the underlying stable oo-category Moda. 

Definition 6.1. A map of p: S" -> T in the oo-category T of space is proper if, 
for each vertex t: A'^ ^ T oi T, the fiber S't = S* A° is a compact object of T. 
(Recall that an object is compact if maps out of it commute with filtered colimits.) 

Given a proper map p : — > T, we'll see that the pushforward p* admits a 
right adjoint p' . This gives a series of adjunctions p\,p* ,Pf,,p' , each of which is 
right adjoint to the functor on its left. First, we deal with the case in which T is 
contractible. 

Let S" be a Kan complex and form the symmetric monoidal stable presentable 
oo-category C®g of C-valued presheavcs on S. Using the free i?-modulc functor 
] : T — !• 6, an object s of S* determines an object R[s] of C; here s' denotes the 
representable presheaf 

A° ^ 5* — > Fun(S'°P, 7) ~ T/5 

in which the middle map is the Yoneda embedding, and R[s] is obtained by com- 
posing with the map 7^g — > 6/5 induced by the free i?-module functor. 

Proposition 6.2. For any Kan complex S , the colimit of the Yoneda embedding 

S* — ^Fun(5°P,T) 
is a terminal object ofFmi{S°^,7). 

Proof. We may immediately reduce to the case in which S is connected. Choosing 
an arbitrary basepoint of S and letting G ~ flS be the loop group of S at this 
point, we obtain an equivalence BG ~ S. Since the mapping space 

map5G(-, -) : BG°p x BG — >7 

classifies G as a left and right G-space, the Yoneda embedding BG Fun(i?G°P, T) 
classifies the left action of G on itself as an object of oo-category Fun(i?G°P,T) of 
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right G-spaces. Finally, the quotient of G by the left action of G in the oo-category 
Fun(BG°P, T) of right G-spaces is a terminal object of Fun(SG°P, T). □ 

Proposition 6.3. For any Kan complex S, the colimit of the stable Yoneda em- 
bedding 

S Fun(5°P,T) % Fun(5'°P,§) 
is an equivalence in S/5 . 

Proof. S!^ commutes with colimits. □ 

Proposition 6.4. Let k be an infinite regular cardinal, let S be a n-compact 00- 
groupoid, and write q : S ^ * for the projection to the terminal 00-groupoid. Then 

9* : 6 — C/* — 5- C/5 

preserves K-compact objects. 

Proof. We reduce to checking that Rs — q*R \s K-compact using the following 
facts: any K-compact i?-module is equivalent to a (retract of a) colimit of a K-small 
diagram with value i?, K-compact objects are closed under K-small colimits, and q* 
preserves colimits. Now S is equivalent to (a retract of) the colimit of the trivial 
functor 1^7, where / is a K-small simplicial set [20, 5.4.1.5,5.4.1.6]. It follows 
from this that (up to retract) there exists a weak equivalence / : / — > S*, and thus 
we deduce that 

Rs ~ cohm^g/ R[fi] 

is a K-small colimit of representables and therefore K-compact. □ 

Proposition 6.5. Let k be an infinite regular cardinal, let S be a K-compact 00- 
groupoid, and write (7 : — )■ * for the projection to the terminal object. Then 
(7^:6/5— >C/^~C preserves K-filtered colimits. 

Proof. Let Na be a K-filtered diagram of objects of C/s- We must show that the 
map 

colim g^iVa — > q^ colim Na 

is an equivalence of i?-modules. Since R is compact, and hence K-compact, and q* 
preserves K-compact objects, we have that 

map(E"i?, colim TVa) ~ map(g*i;"i?, colim TV^) 
~ colim map(g*S"i?, N^) 

~ colim map(E"i?, g^iV^) ~ map ( E" i?, colim g^A^^). 
Since the n e Z, generate C, the result follows. □ 

Proposition 6.6. Let p : S ^ T be a proper map in T. Then the pushforward 

P* ■ C/s — > C/T, 

preserves filtered colimits. 
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Proof. As equivalences are detected fiberwise, it is clear that preserves filtered 
colimits if and only if, for all objects t of T, the pushforward along the projection 
g: S't ^> A° defined by the puUback 

q p 

AO 

t 

preserves filtered colimits. But St is compact since p is proper, so this follows from 
Proposition 6.5. □ 

Corollary 6.7. Let p : S ^ T be a proper map in 7. Then admits a right 
adjoint p- : G /t G/s- 

Proof. Since p^ : G/s C/^ is a functor of stable presentable oo-categories, 
admits a right adjoint if (and only if) preserves colimits. But p^ is exact, so 
preserves colimits if (and only if) preserves filtered colimits, and this is the 
content of Proposition 6.6. □ 



7. Parametrized spaces, spectra, and modules 

We now specialize the constructions of the preceding sections to obtain oo- 
categorical models of parametrized spaces, spectra, and i?-modules for an E„-ring 
spectrum R. Our main goal in this section is to compare these oo-categories to 
those that result from the approach of [27]. Some of this material was previously 
discussed (in a more specialized form) in [1] and [2] , but we intend that the system- 
atic treatment given below will provide a more convenient and complete reference. 

7.1. Parametrized spaces. We begin by comparing our model of parametrized 
spaces to the May-Sigurdsson notion of parametrized spaces [27]. In the context 
of oo-categories, we think of spaces as oo-groupoids, and model them with Kan 
complexes (as in the previous section). To reduce confusion, we will use the term 
"topological space" when we are referring to a bona- fide topological space, and we 
will write Top for the category of compactly-generated weak HausdorfF topological 
spaces. The following is the specialization of theorem 4.4. 

Definition 7.1. Let S* be a Kan complex. Define the oo-category of "spaces over 
S"' as the cxo-category 

e/5 = Fun(5°P,T) 

of presheaves of spaces on S and the oo-category of "pointed spaces over S" (or 
ex-spaces) as the oo-category 

{7/s), - Fun(5°P,T), =i Fun(5°P,T0 = (T^/S 

of presheaves of pointed spaces on S. 

Remark 7.2. Pointed objects of the category of spaces over X are often referred 
to in the literature as "ex-spaces" , as they are spaces equipped with a map to X 
together with a "cross-section" of that map. 
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Recall that T/5 can be described via the straightening and unstraightening corre- 
spondence as the 00-category associated to the model category SetA/riooSi and 
can analogously be described as the 00-catcgory of pointed objects in Set^/jjooS- 
This provides a comparison to the 00-categories associated to the May-Sigurdsson 
categories of parametrized spaces Top^ and (Top^)* over a space B. 

Proposition 7.3. Let B he a space. There are equivalences of symmetric monoidal 
00-categories 

T/V^ 0, N(SetA/n^s)[W^-r ^ mop/nW-T 

and 

(T/n^B)f ^ mSetA/u^B)*)[W'T N((Top/^),)[M/-r • 

Proof. For a space B, the projective model structure on Top/^ is Quillen equiv- 
alent to the corresponding simplicial model category structure on simplicial sets 
over IIoo^, which in turn is Quillen equivalent to the simplicial model category of 
simplicial presheaves on the simplicial category CpooS] (with the projective model 
structure) [20, 2.2.1.2]. (Here £ denotes the left adjoint to the simplicial nerve; it 
associates a simplicial category to a simplicial set [20, 1.1.5].) 
Next, we have a comparison 

St: NSet2,/n^B Fun(nooS°P, N Set^); 

the map, called the straightening functor, rigidifies a fibration over TlooB into a 
presheaf of 00-groupoids on HooB whose value at the point b is equivalent to the 
fiber over b [20, 3.2.1]. 

Finally, the symmetric monoidal structure on T/5 is Cartesian and therefore 
unique [21, 2.4.1.9]. Thus, we can promote this equivalence to an equivalence of 
symmetric monoidal 00-catcgories. The result for pointed objects follows. □ 

To complete the comparison to the model of May-Sigurdsson, we need to study 
the base-change functors. Almost all of the subtlety and difficulty of the foun- 
dational portion of their work arises from the complexities of topological spaces 
(which they must contend with in order to handle the equivariant setting) and the 
fact that it is impossible to have a model structure in which the pairs (/i, /*) and 
(/*,/*) arc simultaneously Quillen adjunctions. 

Although the point-set category (Top^^)* of ex-spaces has a model structure 
induced by the standard model structure on Top (which they refer to as the q- 
model structure), one of the key insights of May and Sigurdsson is that for the 
purposes of stable parametrized homotopy theory it is essential to work with the 
(Quillen equivalent) g/-model structure [27, 6.2.6]. 

The situation is easier in the simplicial setting: For a map f '. A — > B, we 
can obtain point-set models of the functors /*, /*, and f\ by considering model 
categories of simplicial presheaves. We must still confront the fact that 

/* : Fun(G:[nooS°P], SetA) Fun(e:[noo^°P], ScIa) 

is a right Quillen functor for the projective model structure, with left adjoint /i, and 
a left Quillen functor for the infective model structure, with right adjoint /*, on the 
above categories of simplicial presheaves. Nonetheless, this suffices to produce the 
desired adjoint pairs on the level of cx)-categorics. 
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Theorem 7.4. The Wirthmiiller context we construct in corollary 5.2 on (7/s)* 
is compatible with that of May-Sigurdsson. 

Proof. To sec this, observe that it suffices to check this for /*; compatibihty then 
follows formally for the adjoints and f\. Thus, wc need to check that the right de- 
rived functor of /* : (Top/^)* — ^ (Top/^)* in the (//-model structure is compatible 
with the right derived functor of 

/* : Fun((!:[nooB°P], SetA) Fun(£[noo^°P], SctA) 

in the projective model structure. By the work of [27, 9.3], it suffices to check the 
compatibility for /* in the (/-model structure. Since both versions of /* that arise 
here arc Quillen right adjoints, this amounts to the verification that the diagram 

Fun(e:[nooB°P], SetA) Fun((!:[noo^°P], SctA) 



Un 



Un 



SctA/B ^ Set A/A 

commutes when applied to fibrant objects, where here Un denotes the unstraight- 
ening functor (which is the right adjoint of the Quillen equivalence). Finally, this 
follows from [20, 2.2.1.1]. 

The promotion of this comparison to the symmetric monoidal structure is a 
consequence of the fact that /* preserves products and the fact that the Cartesian 
symmetric monoidal structure is unique. □ 

7.2. Parametrized spectra. We now move on to compare parametrized spec- 
tra with the May-Sigurdsson definition of parametrized spectra [27]. Specializing 
theorem 4.4 once again, we have the following description of parametrized spectra. 

Definition 7.5. Let 5 be a Kan complex. The oo-catcgory of "spectra over S"' is 
defined to be the cxo-category 

S/s = Fun(S'°P,S) 

of presheaves of spectra on S. 

The proof of theorem 4.4 leads us to expect that the cx)-category §[5"] of spectra 
parametrized over S can be understood as the stabilization of the oo-category T/5 
(or (T/5)*) of (pointed) spaces parametrized over S. More generally, we have the 
following proposition. 

Proposition 7.6. Let S be a space and let Q be a presentable oo-category. Then 
we have a natural equivalence 

Stab(e/5) ~ Stab(e)/s 

of stable presentable oo-categories. Moreover, if C is an 0-monoidal presentable 
oo-category for some 00-operad 0, then this equivalence extends to an equivalence 
of 0-monoidal stable presentable oo-categories. 

Proof. First recall that the functor Stab(— ) ~ (— ) ® § is a symmetric monoidal 
localization of Pr'" whose essential image is precisely the full subcategory of stable 
presentable oo-categories. Thus 

Stab(e/s) ~ (5® e) ® § ~ (e(g)§) ~ Stab(e)/s. 
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The final assertion follows from the fact that (— )/s is also symmetric monoidal, 
which we prove as proposition 7.13 below. □ 

Therefore, in order to compare our model of parametrized spectra over B to the 
May-Sigurdsson model, we will work with the corresponding formal stabilization of 
model categories. Specifically, given a left proper cellular model category C and an 
endofunctor of C, Hovey constructs a cellular model category Sp^C of spectra [18]. 
When the C is additionally a simplicial symmetric monoidal model category, the 
endofunctor given by the tensor with yields a simplicial symmetric monoidal 
model category of symmetric spectra Sp^C (in addition to the simplicial model 
category Sp^C of spectra). These models of the stabilization are functorial in left 
Quillen functors which are suitably compatible with the respective cndofunctors 
(see [18, 5.2]). 

Proposition 7.7. Let C be a left proper cellular simplicial model category and write 
Sp^G for the cellular simplicial model category of spectra generated by the tensor 
with . Then there is an equivalence of oo-categories 

N((Sp^e)")[Ty-i] ~ Stab(N(e'=)[lV-i]). 

When G is a simplicial symmetric monoidal model category, this equivalence extends 
to an equivalence 

NiiSp^ey)[w-Y ~ stab(N(e'^)[iy-i]®) 

of symmetric monoidal oo-categories. 

Proof. The functors Ev„ : Sp^C — > C which associate to a spectrum its n*^-space 
An, induce a functor 

/: N((Sp'^e)^)[M/"i] ^ iim{. • • ^N{ei)[w-'] A ^{ei)[w-']} 

~ Stab(N(e'=)[iy-i]) 

which is evidently essentially surjective. To see that it is fully faithful, it suffices 
to check that for cofibrant-fibrant spectrum objects A and B in Sp^C, there is an 
equivalence of mapping spaces 

map(^, B) ~ holim{- • • map(Ai, Bi) map(Ao, Bq)}, 
where fl: map(yl„-|_i, _B„-|_i) — > map(^„,_B„) acts as 

An+l > Bn+1 An — flAn+1 > ilBn+1 — Bn- 

Since any cofibrant ^ is a retract of a cellular object, inductively we can reduce to 
the case in which A = F„,_X, i.e., the shifted suspension spectrum on a cofibrant 
object X of C*. Then ma.p{A,B) ~ ma,p{X,Bm) by adjunction. The latter is in 
turn equivalent to map(S"~™X, Bn), where we interpret E"^™X = * for to > n, in 
which case the homotopy limit is equivalent to that of the homotopically constant 
(above degree n) tower whose n"^ term is map(S"~™X, Bn). 

In the symmetric monoidal setting, the fact that Stab 6 is the initial stable 
symmetric monoidal oo-category which accepts a symmetric monoidal oo-functor 
from C coupled with the equivalence between prespectra and symmetric spectra 
implies the desired comparison. □ 
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May and Sigurdsson construct a symmetric monoidal stable model structure on 
the category S^b of orthogonal spectra in (Top/^)* [27, 12.3.10]. This model struc- 
ture is based on the (//-model structure on ex-spaces, leveraging the diagrammatic 
viewpoint of [25, 24]. Similarly, they construct a stable model structure on the 
category of prespectra in (Top/^)*. The forgetful functor ,S^b -> ■'^b induces 
a Quillen equivalence [27, 12.3.10]. 

Theorem 7.8. Let B he a topological space. There is an equivalence of symmetric 
monoidal oo- categories between the oo- category associated to the model category of 
orthogonal spectra and the oo-category of parametrized spectra: 

N{^b)[W-Y - Fun(nooB°P,§)^. 

Proof. This is essentially an immediate consequence of proposition 7.7, using the 
standard comparison between orthogonal spectra and symmetric spectra [25] . □ 

7.3. Parametrized module spectra. Finally, we describe the specialization of 
theorem 4.4 to the case of parametrized module spectra. An advantage of our 
framework is that we can handle both categories of i?-module spectra parametrized 
over a space S (for an Ei ring spectrum R) and categories of module spectra over 
an El ring object in Fun(S'°P, §). 

Definition 7.9. Let R be an Ei-ring spectrum, let S* be a space, and let Mod^^ 
denote the stable presentable oo-category of right i?-modules. The oo-category of 
parametrized i?- module spectra (i.e., bundles of i?-modules) over S is the stable 
presentable oo-category (Modij;)/^. 

In practice, however, R is an often more than an Ei-ring spectrum; rather, it 
may be an E„-ring spectrum for some 1 < n < oo. In this case, the category of 
parametrized module spectra inherits a multiplicative structure. 

Proposition 7.10. Let R be an Kn-ring spectrum, n > 0, and let S be a space. 
Then the oo-category (Modfl) /s of parametrized R-module spectra over S is the un- 
derlying oo-category of an Kn^i-monoidal stable presentable oo-category (Modi^)®^. 

Proof. Let Modj? denote the oo-catcgory of right i?-modules, which is an E,i_i- 
algebra object of Pr'^ and in particular an E„_i-monoidal oo-category. Then 

Fun(S'°P,ModH)® = Fun(S'°P,Mod|) x N(r) 

Fun(S°P,N(r)) 

is an E„_i-monoidal oo-category such that the underlying oo-category 

(ModflJ/s = Fun(S'°P,ModflJ 

is stable and presentable. By construction, the operations in Fun(S'°P, Modi?)*^ 
are computed pointwise, so that the tensor product commutes with colimits in 
each variable. Hence (Modfl)^^ = Fun(S'°P, Modfl)® is an E„_i-monoidal stable 
presentable oo-category. □ 

Remark 7.11. More generally, our framework allows us to resolve a problem which 
was not handled in [27]. Due to difficulties in maintaining homotopical control over 
the product, categories of modules over general ring objects in the parametrized 
categories were not constructed. 
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7.4. Parametrized objects over E,i spaces. In this section, we study multi- 
plicative structures that arise on oo-categories of parametrized objects over E„ 
spaces. In the previous sections, the multiplicative structure on C/5 was obtained 
pointwise, or, equivalently, from the evident external product via puUback along 
the diagonal A : S ^ S x S of the base space. Here, the multiplicative structures 
arise from an actual product on S itself. 

Recall that the oo-categorical Day convolution product [21, §6.3] is a consequence 
of the existence of a symmetric monoidal functor from spaces to presentable oo- 
categories. The relevant functor on objects agrees with our functor : 7 — > Pr'^ 
on objects, but it is the covariant version which comes from using the left adjoint 
/i : T/5 — > 1/T in place of the right adjoint /* : 1/t I/s ior f : S ^ T a. map of 
Kan complexes. 

Proposition 7.12. There is a unique colimit-preserving functor 

T[-] : T — > Pr^ 

whose value at the space S is the 00-topos 7/s of presheaves of spaces on S. 

Proof. The oo-category of spaces T is freely generated under colimits by the one- 
point space [20, 5.1.5.8]. Since any space S is equivalent to the iS-indexed colimit 
of the constant diagram on the point, it follows that 

T[S'] ~S'®T~Fun(S'°P,T). 

□ 

Proposition 7.13. The functor 'J[— ] : 1 — > Pr'" extends to a symmetric monoidal 
functor 

T[-]: (Pr^)®. 

Proof. This is a consequence of the properties of the cx)-categorical Day convolution 
project [21, 6.3.1.2]. □ 

An immediate consequence of proposition 7.13 is that the functor 'J[— ] preserves 
multiplicative structures: 

Corollary 7.14. Let be an 00-operad and let X be an 0-algebra object of T. 
Then 7[X] is an 0-algebra object of Modj. 

We now assume that is a unital and coherent cxD-operad. Since Modo- is a 
symmetric monoidal cxj-category, we can consider 0-algebra objects in Modg-. We 
require to be unital since we will need to consider the unit map rj: T — > 3? of an 
0-algebra object 3? of Modg-. 

Recall that if 3? is an object of Alg/o(ModT) then Mod'^ = Mod|j^(ModT) is the 
oo-category of !R-module objects in Modg- [21, §3.3.3]. 

Proposition 7.15. Let be a coherent and unital 00-operad and let Jl be an 0- 

algebra object o/Mod^. Then there exists a unique colimit-preserving functor 

3?[-] : 7 — > Modg 
whose value on the one-point space is the "free rank one" 'R-module 'Jl. 
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Proof. The functor 

T]* : (-) ®T Mod? — > Mod? 
preserves colimits, as it is left adjoint to the restriction 

?7* : Modg — > Mod? 
along 77: T — > 3?. Thus, the composite 

~ 77* o T[-] : T — > Mod? — > Mod^j^ 
preserves colimits, and sends the one-point space * to 3^ ~ T (E)-! 3?. □ 

The main example of this phenomenon which will be of interest to us is the 
case of an 0-algebra object 3? of Mods, where is a coherent 00-operad under 
El. Then Ji is in particular an associative algebra object of Mods, and so it has 
a Picard 00-groupoid Pic(3?), the full subgroupoid of 5i spanned by the invertible 
objects. 

8. PiCARD 00-GROUPOIDS OF PRESENTABLE MONOIDAL OO-CATEGORIES 

In this section we define and study the Picard 00-groupoid of an 0-monoidal 
stable presentable 00-category 3? (for suitable c»-operads 0®) and the categories of 
parametrized objects over Picard c»-groupoids. Roughly speaking, we define the 
Picard 00-groupoid of 31 as the space of invertible objects in 31. Much of the work 
of the section is to keep track of the multiplicative structure. Note that contrary to 
the standard convention, our Picard 00-groupoids will be grouplike 0-spaccs, not 
necessarily grouplike Eoo-spaces. 

We begin by recalling some details concerning grouplike Ei-spaces. In any 00- 
topos (in particular, such as the 00-category of spaces), there is a notion of a 
grouplike Ei-space [21, 5.1.3.2]. Specifically, we have the following characterization 
[21, 5.1.3.5]. 

Definition 8.1. An Ei-space X is said to be grouplike if the monoid ttqX is a 
group. Given a map 77 : Ei ^ of coherent 00-operads, we say that an 0-monoidal 
space X is grouplike if ri*X is a grouplike Ei-space. 

Given any 0-monoidal space X, we can restrict to the maximal grouplike sub- 
space of X. 

Lemma 8.2. For an 0-monoidal space X, there is a maximal grouplike subspace 
GLiX. That is, the inclusion 

MoT?^\7) — > Mono(T) 

of grouplike 0-monoidal spaces into 0-monoidal spaces has a right adjoint GLi 
given by passage to the maximal grouplike 0-monoidal space. 

Proof. The inclusion functor preserves colimits [21, 5.1.3.5] and therefore the ad- 
joint functor theorem implies that there exists a right adjoint GLi. We can explic- 
itly identify this as follows: Given an 0-monoidal space X, iiq{X) is a monoid. The 
maximal grouplike space GLiX is the full subgroupoid obtained by passage to the 
invertible elements of 7ro(X) (i.e., the maximal group contained in 7ro(X)). Since 
any product of invertible objects in 7ro(X) is invertible, the criterion of [21, 2.2.1.1] 
implies that this space is itself 0-monoidal. Because GLiX is a full subgroupoid 
oi X, it is clear that any map from a grouplike 0-monoidal space uniquely factors 
through it. □ 
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More generally, given any 0-monoidal cxj-category 3?, we can pass to the full 
subcategory of invertible objects in "R, which we will denote by 3?^ . Explicitly, this 
can be built as the pullback 



where Ho (3?®)^ denotes the full monoidal subcategory of the (ordinary) monoidal 
category Ho(3l'®) spanned by the invertible objects. This is the O-monoidal oo- 
category of invertible objects. The same argument as in the proof of lemma 8.2 
proves the following lemma. 

Lemma 8.4. For an O-monoidal oo-category H, the full oo- subcategory "Jl^ of 
invertible objects is an O-monoidal oo-category. 

However, we want the Picard object to be a space. Recall that the inclusion of oo- 
groupoids into cxo-categories preserves products and has a right adjoint; explicitly, 
if e is an oo-category, then Ciso is the subcategory of C consisting of the invertible 
morphisms. 

We can now define the Picard oo-groupoid of an Ei object in Pr'". 

Definition 8.5. Let 3i be an S-algebra in Pr'^. Then Pic(3i) is the maximal grou- 
plike oo-groupoid inside of the monoidal oo-category "JV^ . When 3? — Modi? for an 
E„-ring spectrum i?, n > 1, we typically write Pic/j in place of Pic(3J). 

Remark 8.6. In fact, we can perform this construction in either order. First, 
given 3^, pass to the full oo-subcatcgory 3^^ of invertible objects in 3?, and then 
take the maximal oo-groupoid in 31^^. Equivalently, given 31, pass to the maximal 
oo-groupoid 'Riso contained in H, then pass to the largest grouplike object inside 

Furthermore, if 3? is a closed symmetric monoidal stable oo-category, we can 
characterize Pic(3^) as a subspace of the subcategory of dualizable objects in 3J. 
(See for example [26, §2] for an excellent discussion of this perspective on the level 
of homotopy categories.) 

Lemma 8.7. When 3? is a closed symmetric monoidal stable oo-category with unit 
1, the inverse of X £ Pic(3?) is the functional dual Fji{X, 1). 

Proof. The equivalences witnessing the invertibility of X are duality data; this 
follows from [26, 2.9] since oo-categorical duality can be detected on the homotopy 
category. □ 

Remark 8.8. It is not difficult to extend the description of equation 8.3 and 
lemma 8.7 to the situation when 51 has weaker monoidal structures, but to state 
the results requires a discussion of duality in these settings which we do not wish 
to pursue herein. 

In order to obtain a multiplicative structure, we would like to describe Pic(3?) 
more explicitly as part of an adjunction. To make this precise, we first need the 
following result which allows us to control the size of the Picard group. 



(8.3) 




Ho(3i®) 



X 
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Theorem 8.9. Let A be a monoidal presentable oo-category . Then there exists a 
regular cardinal k such that the inclusion 

Pic(yi'") C Pic(yi) 

is an equivalence of oo-groupoids. In particular, T'ic{A) is essentially small. 

Proof. By [21, Lemma 6.3.7.12], there exists a regular cardinal k such that A is 
K-presentable, the unit 1a of A is K-compact, and the full subcategory A'^ C A 
consisting of the K-compact objects is a monoidal subcategory. Let A e Pic(yi) be 
an invertible object of A. Since A ~ IndK(./l"), A = colim/ ylj for some K-filtered 
diagram of K-compact objects of A. Since A has an inverse S, 1 ~ A (g) B — 
coMmj {Ai B), and since 1 is K-compact, the equivalence 1 — ?■ colimj {Ai B) 
factors through a K-small stage J C I. But then 1 ~ co\im j{Aj (g) B) implies that 

colimj Aj ~ B^^ ~ colim/ A,;, 

so that A is a K-small colimit of K-compact objects and hence itself is K-compact. □ 

This now permits us to give the following characterization of Pic. 

Theorem 8.10. Let be a coherent oo-operad equipped with a map Ao^ 0. 
Then 

Pic: Algo(PrL) ^ AlgSP(T) 
is right adjoint to the free presentable oo-category functor 

TH: AlgSo'^m^AlgoCPrL). 

Proof. Let G be a grouplike 0-monoidal space and Ji a presentable 0-monoidal 
cxD-category. Restriction along the Yoneda embedding G — >■ 7[G] gives maps 

mapAig„(PrL)('J'[G],3^) — > mapg^^^ (T[G'], {/(Oi)) — > mapAig8P(a-) (G, Pic(3^)), 

where U : Pr'^ — > Catoo denotes the "underlying monoidal cxD-catcgory" functor, 
such that the composite is an equivalence. □ 

Remark 8.11. The unit of the adjunction is the Yoneda embedding G IK[G']. 
The counit of the adjunction is the map 

'^/Pic(3J) > 3? 

adjoint to the identity map Pic(Di) — Pic(IR). As a functor between presentable 
oo-categories, this map preserves colimits and is uniquely determined by the image 
of Pic(3?) in Jl. 

Remark 8.12. When is a model for the E„ operad, we have the following 
specialization: The functor 

Pic: AlgE„(PrL)^Alg|P(T) 

is corepresented by the E„-algebra T[ri"I]" *]. This is because is the free 

grouplikc E„-space on a single generator *. 

Passing to the stable setting, we obtain the following generalization: 

Proposition 8.13. Let Aoo ~^ be a map of coherent oo-operads and let 31 be a 
stable presentable 0-monoidal oo-category. Then the canonical map 

§/Pic(3?) ^ ^ 

is a map of stable presentable 0-monoidal oo-categories. 
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Proof. This follows from the argument for theorem 8.10. □ 

We close with a remark about the way in which the work of this section is a 
categorification of the classical theory of the space of units of a ring spectrum. The 
multiplicative structure on Pic(3i) is such that the canonical map 

§/Pic(K) > 3^, 

adjoint to the inclusion Pic(3^) ^> 3^ of the invertible objects, is an 0-algebra map. 
Conceptually, this is a categorification of the adjunction which defines GLi. Just 
as the underlying infinite loop space functor r2°° : S — s- T is right adjoint to the 
symmetric monoidal suspension spectrum functor T.'i^ : T — > S, the forgetful functor 

maps: (S,-): Fr^, ^ 7 
is right adjoint to the symmetric monoidal functor 

§[-]:7^PtI,. 

8.1. The Brauer group and twisted parametrized spectra. When applied 
to the category of modules over a commutative ring spectrum R, definition 8.5 
recovers the usual construction of the Picard group. But we can also catcgorify the 
definition, as follows: 

Definition 8.14. Let i? be a Eoo-ring spectrum. The Brauer group of R is 

BrH-Pic(ModModH(PrL)"^), 

the Picard oo-groupoid of the symmetric monoidal oo-category Mod"^ of compactly 
generated Modi?- modules in Pr'", the oo-category of presentable oo-categories. 

It is straightforward to check that the Brauer group of R provides a delooping 
of the Picard group. 

Lemma 8.15. Let R be an 'Eaa-ring spectrum. There is a natural equivalence 

PiCfl ~ flBTR. 

The connections to the classical definitions of the Brauer group have been studied 
by the third author with various collaborators [3, 14] . We do not go into detail about 
any of the applications of this here, other than to observe that definition 8.14 allows 
us to situate the work of Douglas on "twisted parametrized spectra" [12]. 

Definition 8.16 (Haunts and specters). For a commutative §-algebra R, the oo- 
category of i?-haunts over a space X is given by the oo-category (actually, oo- 
groupoid) (Brfl)/x = (PicModH)/x of Modfl-torsors over X. For a given haunt K 
on a space X, the oo-category of specters is the limit of the composite 

X — > Btr — > ModMod„ . 

This can also be interpreted as the Mod/j-module of sections of an actual bundle 
of Modfl-modulcs over X. 

In light of this, it is straightforward to recover the various formal characteriza- 
tions that Douglas obtains. In particular, we can expand Douglas' sketch proof of 
the following illuminating comparison result: 
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Theorem 8.17. Let R be an Eoo-ring spectrum and let !K be a haunt classified by a 
pointed map / : X — > Bir for a pointed connected space X . Then the oo-category of 
specters associated to !K is equivalent to the oo-category of modules over the Thom 
spectrum associated to 

nf-.nX — > nBiR ~ Pici^ . 

9. Multiplicative structures on generalized Thom spectra 

Proposition 8.13 has the following immediate consequence, which proves Theo- 
rem 1.8; this is a generahzation of Lewis' theorem. 

Corollary 9.1. Let Aoc^ be a map of oo-operads and let 51 be a stable pre- 
sentable 0-monoidal oo-category. The the composite functor 

'^/Pic(3?) ^ §/Pic(3J) ^ ^ 

is a map of presentable 0-monoidal oo- categories. Moreover, if Ji ~ Mod/j for an 
Mn-algebra object R ofS, n> 1, then this composite is equivalent to the generalized 
Thom spectrum functor. 

As an apphcation, we use this to provide sharpenings of Lewis' resuhs about the 
multiplicative properties of the Thom isomorphism theorem. Recall that classically 
(working with topological opcrads), one can weaken the notion of an Eqo opcrad 
by requiring that the opcradic structure maps need only commute in the homotopy 
category; this leads to the notion of an M^o opcrad. More generally, for any opcrad 
V there is a corresponding "opcrad up to homotopy" hV obtained in this fashion. 

Lewis proved [19, §1X.7.4] that given an E„ classifying map f : X ^ BGLi§ such 
that M f admits an E„ orientation over R (i.e., an E„ map Mf — > R), then the map 
inducing the Thom isomorphism is an hE„ map. In the Eqo setting, various authors 
(e.g., [6]) have observed that this equivalence can be promoted to an equivalence of 
Eoo ring spectra. We now prove analogous results for the case of any E„ oo-operad. 

Assume that R is an E„+i ring spectrum and / is an object of the oo-category 
Alg/E„('^/BGLifl): i-e-, an E„ map of spaces 

f:X — > BGLiR. 

One of the main theorems of our previous work on Thom spectra and units [1] shows 
that an orientation of the Thom spectrum M f is specified by a map P — >• GLiR 
in ModcLifl, where here ModcLiR is the oo-category of GLii?-modules in spaces. 
This suggests the following generalization of an orientation to the setting of E„ 
maps. 

Definition 9.2. Assume that R is an E„+i-ring spectrum. Let P be an object 
in Alg/]g^(ModGLjfl;). Then the space of E„ orientations of P is the space of En- 
algebra maps P — > GLiR in Alg/^;^^ (ModcLifl). 

It is convenient to view the Thom spectrum functor in this light, making use of 
the following lemma: 

Lemma 9.3. There is an equivalence of Kn-monoidal oo-categories 

'^/BGL^R - ModcLifl, 

and hence an equivalence of oo-categories 

Alg/E^C^/BGLifl) ^ Alg/E^(ModGLifl). 
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As a consequence, the Thorn spectrum functor can be written as the composite: 

Alg/E„('J'/BGLi/?) > Alg/E„(S/i3Giii?) > Alg/E„(§), 

where the first map is the stabilization. 

Now given any object P in Alg/j;^(ModGLii?,), we have the following version of 
the Thom diagonal, given by the E„ map 

A: piiil^P X {GLiR x X) 

where here GLiR x X is the free GLii?-modulc on the space X. We use the fact 
that both X and GLiR are based spaces. 

Applying the Thom spectrum functor now yields a map 

Mf ^ Mf A{RAX+), 

of E„-ring spectra. 

On the other hand, given an orientation P — > GLiR, applying the Thom spec- 
trum functor produces a map 

Mf^R 

of E„-ring spectra. Putting these together, we get the composite 

Mf — > Mf A (i? A E^X) — > RA{RA T,^X) — >RA S^X 

which is a map of E„-ring spectra realizing the Thom isomorphism: 

Theorem 9.4. An E„ orientation P — > GLiR in Algg^(ModGLi_R) gives rise to a 
map of^n-ring spectra 

Mf — > RA E^X 
which is an equivalence and realizes the Thom isomorphism. 

10. Twisted cohomology theories and the twisted Umkehr map 

A basic application of Thom spectra is the construction of Umkehr or "wrong- 
way" maps in generalized cohomology theories. Roughly speaking, such maps arise 
from the composite of the Pontryagin-Thom map and the Thom isomorphism. In 
the absence of an orientation, one often wants to twist the Pontryagin-Thom map 
(and the cohomology theories) by a vector bundle, or more generally an arbitrary 
spherical fibration. These maps are closely related to the classical theory of transfer 
maps (e.g., the Becker-Gottlieb transfer [7]). 

The modern viewpoint on such maps is that they arise from maps of parametrized 
spectra, for instance via a fiberwise Pontryagin-Thom map. Arguably, this perspec- 
tive has driven much of the early development of parametrized homotopy theory 
(see for instance [11, 16]). In this section we develop this theory in the setting of 
our models of parametrized spectra and Thom spectra, using the framework of the 
Thom-theoretic model of twisted cohomology theories we introduced in [2]. The 
work of [10] implies that our Umkehr maps agree with all other possible definitions. 

We take the perspective that Umkehr maps or transfer maps arise for an E„-ring 
spectrum R from maps 

Rb — > X 

of parametrized i?-modules over a base space B by applying the pushforward p\ 
along the projection p: B ^ The advantage of the parametrized viewpoint is 
that given "twisting data" 

a: B°P — > PiCfl — > Modfl 
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we can consider the map induced by the fiberwise smash product 

a ~ Rb f\RB ^ — ^ ^ I^Rb ^■ 

We write Ai?,^ for the smash product of i?- modules over B\ we can also think of 
this as smashing over the unit Rb of the monoidal structure. 

Applying the pushforward pi now yields the "twisted wrong-way map" 

V\{Rb Arb Q^) — 5- p,{X Ar^ a), 

and passing to cohomology yields the twisted Umkehr map with domain the a- 
twisted i?-cohomology of B. In settings of interest, the geometry of the situation 
allows us to identify p]{X Ar^ a), as we shall see in the discussion that follows. 

10.1. The Becker-Gottlieb transfer. We begin by recalling the construction of 
the classical transfer map in the setting of parametrized homotopy theory; this 
story is beautifully explained in [27, §15.3], and our discussion in this section is 
simply the expression of that work in our setting. The transfer map arises from 
the categorical trace associated to the diagonal map of a stably dualizable space 
X. Specifically, we have the composite 

§ X ADX > DX AX DX AX AX SAX = X, 

where rj and e arc the unit and counit of the duality. These transfer maps satisfy 
a series of compatibility relations, see [27, 15.2.4]; the required conditions on the 
triangulation of the homotopy category hold here, either by comparison or as can 
be shown directly. 

The key observation about duality in the parametrized setting is that we can 
characterize dualizability fiberwise: 

Lemma 10.1. Let B be a space and X £ Fun(i?°P,§) a parametrized spectrum. 
Then X is dualizable if and only if for each b G B, the value X(b) of X at b is a 
dualizable spectrum. 

Proof. This follows from the fact that the smash product is computed pointwisc. □ 

In particular, given a map f : E ^ B with stably dualizable (homotopy) fibers, 
such as a proper fibration, by adjoining a disjoint basepoint we get a diagonal map 
on and so a transfer map 

Sb — > 

Pushing forward along the map B ^ * now yields the classical transfer map 

s^B — > j:^e. 

Note that we can easily recover Dwyer's generalization of the Becker-Gottlieb 
transfer [16]. Specifically, let R be an Eoo-ring spectrum and suppose that f:E^ 
B has homotopy fiber F such that R A Y.'^F is a dualizable object in the category 
of i?-modules. Then the construction of the transfer in this setting gives rise to an 
i?-module transfer map 

RAT.^B — >RA^^E. 
Summarizing, we obtain the following result of Dwyer. 
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Proposition 10.2. Let R be an Eoo-rmg spectrum and let f : E ^ B be a map of 

spaces with homotopy fiber F such that R A T,'i^F is a dualizable object in Modij. 
Then the diagonal map on E gives rise to a map of R-modules over B 

Rg — y R A 

such that the pushforward along B ^ * is the R-module transfer 

RM1°^B — > RA^^E. 

10.2. Duality and the Pontryagin-Thom map. The transfer map of the previ- 
ous section is essentially a purely homotopy-theoretic construction. We now begin 
to study another kind of wrong-way map arising from duality that ultimately re- 
quire geometry for their interpretation. 

As above, recall that T denotes the cx)-category of spaces and § denote the oo- 
category of spectra. We write S denote the sphere spectrum and, for a space X, 
we write DX for the Spanier- Whitehead dual 

Dx = f{j:^x, s) 

of the space X. We may regard D as a sheaf of spectra — > S on T. 
Recall that applying D to the unique map of spaces 

X — > * 

yields a model of the (stable) Pontryagin-Thom map. This is the restriction to 
objects of an actual natural transformation of functors 7°^ § from the constant 
functor on the sphere spectrum to D. Moreover, we can perform the Pontryagin- 
Thom map fiberwise over an arbitrary base space B. We write (§/_b)sb/ for the 
oo-category of spectra over B equipped with a map from the S-sphcrc Sb- 

Definition 10.3. The fiberwise Pontryagin-Thom map of spaces over B is the 
functor 

PTb: (T/b)°p ((T/s)/*J°p ^ ((S/i3)/sJ°P ^ {^/bK/, 
where *b denotes the terminal object in 7/b- There is a spectrum-level map 

P! o PTb : 7[Br ^ J°P ^ (S[S]s«/r ^ S[S]s«/ ^ SpSs/, 

where p: _B — > * is the projection. In abuse of notation, we will denote the value of 
this functor on a space X B over B by PT{X). 

By our convention, PT{X) is an object of spectra under piSs and so we can 
regard it as a map 

P\Sb — > p\DbX. 
As we have noted previously, the source is readily identified: 

To identify p\DbX, one usually takes f:X B to be some sort of family of 
compact manifolds, and finds that p\DbX can be identified with B~^f , the Thom 
spectrum of (minus the) bundle of tangents along the fiber of the family /. We 
now proceed to review the relevant geometry. 
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Remark 10.4. Using the symmetric moiioidal structm-e on spectra over B, the 
fact that any space over B is canonicaUy a commutative coalgebra for the cartesian 
symmetric monoidal structure on T/b, and the fact that PTb is a composite of 
hmit preserving functors, we may regard the fiberwise Pontryagin-Thom map as an 
CAlg(S/B)-valued sheaf on T. 

10.3. Atiyah-Milnor-Spanier duality and Umkehr maps. Let X be a com- 
pact manifold with tangent bundle TX — X. Take an embedding X — >■ with 
normal bundle vx , and form the Pontryagin-Thom construction (collapse to a point 
the complement of a tubular neig hborhood of X in R^) to give a map 

Desuspcnding N times gives a stable map, the geometric Pontryagin-Thom map, 

§ — > X~^^. 

Atiyah-Milnor-Spanier duality compares the abstract and geometric Pontryagin- 
Thom maps, showing that § X~^^ is equivalent to the map § ^ DX. 

More generally, let j : W ^ X be an embedding with normal bundle v = vw,x ■ 
Up to a suspension, the geometric Pontryagin-Thom construction 

X+ — > W 

is a model for DX — s- DW. More precisely, suppose we have an embedding k: X ^ 
M^, with normal bundle vx- Then kj:W-^ M.^ is an embedding with normal 
bundle — i^w,x ® j*vx- Wc have the composite 

gN ^ ^vx ^ ^rl^^v 

and desuspcnding N times gives 

Summarizing, we have the following classical result. 
Proposition 10.5. The geometric Pontryagin-Thom map 

§ — > X~^^ 

realizes the map PT*(A') of definition 10.3 (here B = *), in the sense that there 
is an equivalence X^^^ — > DX which makes the induced diagram commute up to 
homotopy. 

If j ■ W X is an embedding, then the geometric Pontryagin-Thom construction 
gives maps 

realizing the associated maps 

§ — > DX — > DW 
under a choice of equivalences X^'^-^ — > DX and W^'^^ — > DW . 
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10.4. Parametrized manifolds and fiberwise Atiyah-Milnor-Spanier dual- 
ity. Returning to the situation of section 10.2, we'd like to consider a family of 
compact manifolds over B, apply Aityah duality as in section 10.3 fiberwise, and 
so identify the fiberwise dual. It's not hard to construct families of manifolds, but 
the usual construction of the Atiyah duality equivalence 

A"^-^ — > DX 

does not have attractive functoriality and naturality properties, and so it is not 
straightforward to assemble the fiberwise maps. 

To handle this, we restrict to a fairly rigid geometric situation. Our motivating 
example is when / : y — >■ B is a proper smooth submersion which is also a fibration. 
The bundle of tangents along the fiber is the kernel in the sequence 

Tf — >TY ^ f *TB. 

At each h £ B, the fiber of / at 6 is a compact manifold Yi,, with tangent bundle 
T/jy-j^. If we let Y Picg classify the (reduced) negative bundle of tangents along 
the fiber ^Tf, we expect to identify the Pontryagin-Thom map as 

PT(/): T.^B — > y-^f. 

Let M denote the oo-category of smooth compact manifolds and diffeomor- 
phisms. Specifically, M is obtained as the nerve of the ordinary category of smooth 
compact manifolds. Associated to an object M e M, we have the parametrized 
spectrum 

§^7^^ : A/°P § 

associated to the negative tangent bundle. The value of S^/"^^ at m G M is the 
dual of the Thorn space of the tangent space at m. 

We now adapt this construction to the setting of bundles of compact manifolds. 
An object A S M/^ is by definition a map i3°P — s- M. Since there is a forgetful 
functor M — > T, we may also regard X as an object of 7/b, and hence a map 
f: X ^ B. We obtain a spectrum over X by gluing together the spectra 

S^^"^' defined by the compatible family of manifolds A;,. We are allowed to do 
this because the functor §(_) : T°p — > Pr'" is a stack and hence satisfies descent. 
Specifically, 

A ~ colimAf,, 

so that 

Finally, observe that each of the fibers of '^'x^^ is invertible, and so the classifying 
map for the spectrum S^f"^''^ factors as 

S^"^^ : A — > Pics — > Mods ■ 
That is, we have the following. 

Lemma 10.6. Let X be an object ofJA/g, regarded as a space f : X ^ B over B. 
The fiberwise spectra S^"^'^'' assemble into a family of invertible spectra S^"'"^ over 
A. Viewing these fiberwise over B, we may regard S^^- as classified by a map 
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For conciseness, we will often expose this data by writing 

-Tf f 

Pics < X — — > B 

and refer to this situation as a "family of compact manifolds" . 
By applying the functor D to the composite 

B°P -2L^ M > T §, 

we obtain a parametrized spectrum DgX. On the other hand, pushing forward 
the spectrum S^"'"''^ along the map f : X ^ B yields a parametrized spectrum 
ThB(-T/). 

Definition 10.7. A fiberwise Atiyah-Milnor-Spanier duality for the family of man- 
ifolds X ^ B is, an equivalence of spectra over B 

(10.8) DbX ^ThB{-Tf). 

As we have defined it, any family of compact manifolds admits a fiberwise 
Atiyah-Milnor-Spanier duality. Specifically, since the fibers are diffeomorphic, we 
can choose a single Atiyah-Milnor-Spanier equivalence and assemble this map to a 
fiberwise Atiyah-Milnor-Spanier duality. 

Using this, we can study the Umkchr map. First, recall from definition 10.3 that 
we have a map of spectra over B 

PTb{X): Sb^DbX. 

An equivalence (10.8) allows us to view this as a map 

Sb ^Thsi-Tf). 

Pushing forward along the projection p: B ^ * we obtain a geometric Pontryagin- 
Thom map of spectra 

j:^Bc,pS% -^p<ThB{~Tf). 
We can identify p]ThB{—Tf) using the following lemma. 
Lemma 10.9. We have an equivalence of spectra over B 
(10.10) Ths(-r/)~/!(-T;), 
and an equivalence of spectra 

p,ThB{-Tf)c^X-^f. 

Proof. For the first assertion, observe that it suffices to check the claim at each 
fiber. Choose b & B and let AT^ be the fiber of / : X ^ B over B. Then the square 
is a pull-back diagram in 

Xb — — > X — > Pics > S 

/' / 

and so we have 

r/i(-T;)^(/')!(/)*(-r/) 

in S. The left side is the fiber of f\{—Tf) at b. The right side is the Thom spectrum 
of -Tf at b. 
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The second assertion is simply a statement about colimits commuting: 
p,ThB{-Tf) ~ colim(B°P ^ T/pi,, ^ §) 

~Th(colim(i3°f ^T/pieJ) 
~ Th{X — > Pics) = X-^f. 

□ 

We summarize the situation in the foUowing. 
Proposition 10.11. Let 

Pics X Ub 

he a family of compact manifolds over B, equipped with a parametrized Atiyah- 
Minor-Spanier duality 

DsX-ThBi-Tf). 
Let p: B ^ * be the projection. Then there are natural equivalences 

DBX^ThB{X) 
p,§B ^ ^+B 
piThBiX)c^X-^f, 

and so the flberwise Pontryagin- Thom map 

PTb(X) : Sb ^ DbX ~ ThB(-T/) 

gives rise to the geometric Pontryagin- Thom map 

S^B c:, p^Sb ^ piThBi-Tf) ^ X-^f. 

Becker and Gottheb explain how to connect the Umkehr map with the transfer 
map [7] . In our framework, their argument shows that the composite of the Umkehr 
map of Proposition 10.11 and the cup product with the Euler class is equivalent to 
the transfer map constructed in section 10.1. 

Remark 10.12. We also expect to have Umkehr maps arising from embeddings 
of manifolds. Let j : — > M be an embedding of manifolds with normal bundle z/, 
and let p: M — > * be the map to a point. To obtain a similar view of the Umkehr 
map j, we need to realize the geometric Pontryagin-Thom map 

as pit, where t is a map of spectra over M. Now if is the parametrized space 
associated to then 

and this suggests that the map we seek is a suspension of a map of the form 

a: Sli — > j^S". 

The requisite map is constructed by May and Sigurdsson [27, 18.6.3, 18.6.5]. 
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10.5. Twists. Finally, we use the nionoidal structures on our oo-categories of 
parametrized spectra to twist the various Pontryagin-Thom maps we've produced. 
The basic idea is that the description of the Pontryagin-Thom map as the pushfor- 
ward of a map of parametrized spectra allows us to twist. To explain the strategy 
precisely, it is useful to abstract the underlying phenomenon at work in our con- 
struction of the parametrized Umkehr maps. 

Suppose that we have a map of spaces f : X Y, a, parametrized spectrum 
M over S and a parametrized spectrum TV over Y, and a map ip: N — > f\M of 
parametrized spectra over Y. As long as A'^ S §/y is dualizable, we may smash 
over Y with the dual Ft{N,Sy) of TV to obtain a parametrized Pontryagin-Thom 
construction. 

Definition 10.13. Let f : X ^ Y he a, map of spaces, let AI G §/x and N G S^y 
be parametrized spectra such that N is dualizable, and let (/?: TV — > fiM be a map. 
The parametrized Pontryagin-Thom map is the composite 

Sy — ^ Fy{N,Sy) Ay N Fy{N,Sy) Ay f,M ~/,(/*i^y (TV, §y) Ax M) 

c^f,XFx{rN,Sx)AxM) 
-fiFxirN,M). 

Remark 10.14. Definition 10.13 makes sense in the category of parametrized R- 
modules for any E„-ring spectrum R provided one has a projection formula relating 
f\ and /* . As such, there is no issue if n > 3 and it seems likely that this works for 
any n > 1. 

Now recall the notion of a twist (see also [2] ) . 

Definition 10.15. Let R be an E„+i-ring spectrum. A twist is a map 

a: B — > PicR — > ModR 

classifying a bundle of invertible i?-modules over B. Notice that the oo-category 
7/Picp( of twists is E„-monoidal. 

Given a twist a: B ^ Picji — >■ Modj^ and a generalized wrong- way map 

Rb M-Tf) = f,Fx{rN,M), 

we can twist the map by fiberwise smash (i.e., using the monoidal structure on 
(Modfl)/y) to obtain 

Rb Ars « hFx{rN,M) Ar^ a. 

We can interpret this using our definition of twisted cohomology. As explained 
in [1, 2], Ma = p\{Rb Ar^ a) is the generalized Thom spectrum of the map a; by 
definition, its i?-cohomology is the a- twisted i?-cohomology of B. 

R^{BY = TTo map^(Afa, yJ'R). 

Remark 10.16. When R is the K-theory spectrum (real or complex), the question 
arises of comparing our version of twisted iiT-theory to the Atiyah-Segal construction 
of twisted X-theory in terms of Fredholm operators. In [2, §5], we interpret the 
Atiyah-Segal construction as associating to a twist f : X ^ BGLiA the spectrum 

rx(/)^S/x(§x,/), 
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i.e., the spectrum of sections of /. Further, we explain how this spectrum is equiv- 
alent to the Thom spectrum functor applied to the twist — / (the image under the 
involution -1 : BGLiA -> BGLiA). 

One might worry however that the geometric aspects of the Atiyah-Segal con- 
struction associate to a twist X — > K{'Z/2,2) a composite other than the that 
induced by the inclusion A'(Z/2, 2) — > BGLiKO, and so there could be a potential 
discrepancy. But in [4], the third author (along with Anticau and Gomez) prove 
that up to homotopy any map j : K{'Z/2,2) BGLiKO is either trivial or the 
canonical inclusion (and similarly for KU). 

The monoidal structure on the category of twists gives rise to a product in twisted 
cohomology: 

Theorem 10.17. Let R be an E„+i ring spectrum. For any space X, the E„ 
monoidal structure on 1/ pic^ gives rise to a product map 

We now specialize to the geometric example considered in section 10.4. For 
convenience, we use exponential notation for Thom spectra; e.g.. Ma will be written 
as B". We continue to let 

Pics <^ X ^ B 

denote a family of compact manifolds over a space B, and we write p for the map 
_B — > *. Given a twist a, we can then form the map of i?-modules over B 

PTb{X) Afl^ id: Rb Ab.s « ^ T1ib(-T/) A^^ a. 

Applying the pushforward p\: (Modi^)/s ^ Modi^ gives rise to the twisted 
Pontryagin-Thom map. 

Definition 10.18. The twisted Pontryagin-Thom map is defined as: 

PT(X,q) =P!(pTb(X) Ab^ id: Rb Ar^ a ThsC-T/) A^,, a). 
As for T^\ib{—T f) Ab,^ a, the projection formula yields 

ThB{-Tf) Abs a ~ MR As_^ §^,^0 ^b^b " 

2i/!((i?As, S^^^OAfl;, ra), 

and so 

P!(ThB(-T/) Afl^ a) ~ p,M{R As, S/-^) A^, /*a) 

is the i?-module Thom spectrum whose i?-module cohomology is the cohomology 
of X, twisted by the sum of 

X Pics Picfl — > Modi? 

and 

X Ub ^ PiCfl — > Modfl . 
That is, we have the following. 

Proposition 10.19. Let 

Pics <^ X ^ B 
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be a family of compact manifolds over B, equpped with a parametrized Pontryagin- 
Thom equivalence, and let a: B Picr Mod pi be a parametrized invertible 
R-module over B . Then we have an equivalence of R-modules 

and so the twisted Pontryagin-Thom map PT(X, a) may be viewed as a map of 
R-modules 

PT(X,a): ^ jj^-TX+/a^ 
This leads to the following definition. 

Definition 10.20. In the situation of proposition 10.19, the a-twisted cohomology 
of the Thorn spectrum X~'^f is 

^fc(^-T/)a ^ ^pinap^(X-^^+"^I]''^i?). 

Passing to i?-cohomology, we obtain the twisted Umkehr map 

R*{X-^f)" R*{B)". 

We close with an example of interest. 

Example 10.21. Suppose that a makes the diagram 

-Tf 

X ^ Pics 

/ 

B PicR 

commute in the homotopy category. A choice of homotopy between the two com- 
positions determines an equivalence of i?-modules 

X-Tf+o^f ^ ^'^x A R, 

so the twisted Pontryagin-Thom map takes the form 

PT{X, a): B" ^ J^^X A R, 
and passing to i?-cohomology yields a twisted Umkehr map 

R*{X) R*{B)°'. 
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